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Coxeter’s frieze patterns at the crossroads of algebra,
geometry and combinatorics

Sophie Morier-Genoud

ABSTRACT

Frieze patterns of numbers, introduced in the early 1970s by Coxeter, are currently attracting
much interest due to connections with the recent theory of cluster algebras. The present survey
aims to review the original work of Coxeter and the new developments around the notion of
frieze, focusing on the representation theoretic, geometric and combinatorial approaches.

Contents
1. Coxeter’s frieze patterns . . . . . . . . . . . . . 896
2. Friezes and quivers . . . . . . . . . . . . . . 905
3. SLg4i-friezes . . . . . . . . . . . . . . . . 918
4. Friezes of integers and enumerative combinatorics L 925
5. Friezes in the literature and open questions . . . . . . . . . 935
References . . . . . . . . . . . . . . . . . 936
Introduction

Frieze patterns were introduced by Coxeter in the early 1970s [25]. They are arrays of numbers
where neighbouring values are connected by a local arithmetic rule. Coxeter introduces these
patterns to understand Gauss’ formulas for the pentagramma mirificum and their possible gen-
eralizations. A remarkable property of friezes is the glide symmetry, implying their periodicity.
Coxeter establishes many interesting connections between friezes and various objects: cross
ratios, continued fractions, Farey series... Frieze patterns of positive integers are of special inter-
est. Conway and Coxeter [23] discover a one-to-one correspondence between friezes of positive
integers and triangulations of polygons. This reveals rich combinatorics around frieze patterns.

Frieze patterns appear independently in the 1970s in a different and disconnected context of
quiver representations. It turns out that the Auslander—Reiten (AR) quiver leads to a variant
of the Coxeter friezes, with the local arithmetic rule being an additive analogue of Coxeter’s
unimodular rule. The generalization of Coxeter’s unimodular rule on AR quivers was found
recently by Caldero and Chapoton [22].

A recent revival of friezes is due to their relation to the Fomin—Zelevinsky theory of cluster
algebras, beautiful and unexpected connections with Grassmannians, linear difference equations
and moduli spaces of points in projective spaces. These connections explain recent applications
of friezes in integrable systems.

New directions of study and new developments of the notion of frieze have been recently and
are currently investigated. There are mainly three approaches for the study of friezes:

(i) a representation theoretical and categorical approach, in deep connection with the
theory of cluster algebras, where entries in the friezes are rational fractions;
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(ii) a geometric approach, in connection with moduli spaces of points in projective space
and Grassmannians, where entries in the friezes are more often real or complex
numbers;

(iii) a combinatorial approach, focusing on friezes with positive integer entries.

The present article aims to give an overview of the different approaches and recent results
about the notion of friezes. The article is organized in four large independent sections and a
short conclusion.

In §1, we review the original work of Coxeter on frieze patterns [25], and discuss some
immediate extensions of the results, concerning algebraic properties of friezes and links to
projective geometry.

In §2, we present a generalization of friezes based on representations of quivers and the
theory of cluster algebras, introduced in [6, 22].

In §3, we present the variants of SLi-tilings and SLg-friezes introduced in [14]. We review
results from [63] where the space of SL-friezes is identified with the moduli space of projective
polygons and the space of superperiodic difference equations.

Section 4 focuses on friezes of positive integers and their relations with different combinatorial
models. In particular, we give the Conway—-Coxeter correspondence with triangulations of
polygons [23] and present some generalizations.

The final section lists the different variants of friezes appearing in the literature and some
open questions.

1. Coxeter’s frieze patterns
Coxeter’s frieze patterns [25] are arrays of numbers satisfying the following properties:

(i) the array has finitely many rows, all of them being infinite on the right and left;

(ii) the first two top rows are a row of Os followed by a row of 1s, and the last two bottom
rows are a row 1s followed by a row of Os (when representing friezes, one often omits the
bordering top and bottom rows of 0s);

(iii) consecutive rows are displayed with a shift, and every four adjacent entries a,b,c,d
forming a diamond

satisfy the unimodular rule: ad — bc = 1.

The number of rows strictly between the border rows of 1s is called the width of the frieze
(we will use the letter m for the width). The following array (1) is an example of a frieze
pattern of width m = 4, containing only positive integer numbers:

row 0 1 1 1 1 1 1 1
row 1 4 2 1 3 2 2 1
row 2 3 7 1 2 5 3 1
(1)
: 5 3 1 3 7 1 2
row m 3 2 2 1 4 2 1
row m + 1 1 1 1 1 1 1 1

The definition allows the frieze to take its values in any ring with unit. Coxeter studies the
properties of friezes with entries that are positive real numbers (apart from the border rows of
0s), and with a special interest in the case of positive integers. The combinatorics related to
friezes with positive integer entries will be presented in §4.
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FIGURE 1. Selfpolar pentagram on the sphere (sides are great circles, angles at vertices A; are
right angles). The quantities c; := tan® a; satisfy the relations (2).

The condition of positivity is quite strong but guarantees a certain genericity of the frieze.
We will work with a less restrictive condition. Throughout this section, we will consider friezes
with real or complex entries, and we will assume that they satisfy the following extra condition:

(iv) every adjacent 3 X 3-submatrix in the array has determinant 0.

Friezes satisfying condition (iv) are called tame [14]. Coxeter’s friezes with no zero entries
(in particular friezes with positive numbers) are all tame. The statements established in [25]
for the friezes with positive entries still hold for tame friezes (the proofs can be easily adapted).

1.1. Pentagramma mirificum and frieze patterns of width 2

The first example of frieze pattern given by Coxeter is the frieze of width 2 made out of the
Gauss formulas for the pentagramma mirificum. The pentagramma mirificum is a pentagram
drawn on a unit sphere with successively orthogonal great circle arcs (see Figure 1). If we
denote by «j,...,as the length of the side arcs of the inner pentagon, then we obtain the
following relations for ¢; = tan?(oy;):

CiCit1 =1+ cits, (2)

where the indices are taken modulo 5. In other words, the quantities ¢; related to the
pentagramma mirificum form a frieze pattern of width 2:

1 1 1 1 1 1
C1 C2 C3 Cq Cs C1 ( 3)
c3 C4 Cs C1 C2 C3
1 1 1 1 1 1

Moreover, Gauss observed that the first three equations of (2), that is, for ¢ = 1,2, 3, imply the
last two, that is, for ¢ = 4,5. This observation implies the 5-periodicity of any frieze pattern
of width 2. It seems that Coxeter’s motivation in the study of friezes was to generalize this
situation.

Given five points py, p2, p3, P4, ps on the (real or complex) projective line, with indices taken
cyclically (p;+5 = p;), we form the five cross ratios

(Pita — Pi+1)(Pits — Piv2)

(Pi+a — Pit3)(Pit2 — Pit1) .

Assume that two consecutive points, taken cyclically, are distinct (this guarantees that none
of the coefficients ¢; are infinity). Then, one checks that the above cross ratios satisfy the
relations (2).

Ci = [Pit1,Pit2s Pit3, Pita] =
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Thus, Coxeter friezes of width 2, with non-zero values, parametrize the moduli space

Mo = {pi € P!, piss = pi, pi # pj}/PGLo.

Consider the following frieze of width 2, with a given diagonal of non-zero variables x1, x2, that
we compute by applying the unimodular rule:

1 1 1 1 1 1
zo+1 T+ 1 1+z0+ 21
Z1 x2 e — Z1
Z1 Z2 T2T1
1’1+1’2+1 1+£L’2 1+£L’1
T2 e — x T2
T1T2 € xr2

1 1 1 1 1 1 1

(4)
One observes that the entries are all Laurent polynomials in x1,zs. In other words, in the
pattern (3), every entry can be expressed as a Laurent polynomial in any two fixed entries
(¢i, cit3). Therefore, the frieze pattern provides five charts

(C*)? — Moz,

with transition functions written as Laurent polynomials. These charts cover a slightly bigger
space than My 5, in which non-consecutive points may coincide, which is denoted by:

/T/l\o,5 = {p; € P', pirs = pi, pi # pit1}/PGLo.

Indeed, since consecutive points are distinct there is necessarily a couple of non-zero cross
ratios of the form (c¢;, ¢;43). Conversely, given a frieze pattern (3), with a non-zero diagonal,
say (c1,c4), one can recover five points of P! whose associated cross ratios are cy,...,cs by
quotienting two consecutive diagonals

0 1 Co Cs 1

1 ’ C1 ’ Cy ’ 1 ’ 0 '

Frieze patterns of width m will generalize this situation to configurations of m + 3 points

(see Subsection 1.8).

]Pl

P1

r

P2

p3

7721\
BN

REMARK 1.1. Renaming the variables as x1 = ¢1, €2 = ¢4, 3 = 2, T4 = ¢35, T5 = c3 lead
to the famous pentagon recurrence:

Ti—1Tij41 = 1+ ZT;. (5)
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It is well known, and easy to establish, that every sequence (z;);cz with no zero values satisfying
the recurrence (5), is 5-periodic; for details see, for example, [34].

1.2. Periodicity and glide symmetry

The frieze pattern of width 2 given in (4) reveals two important properties of friezes: periodicity
and invariance under glide reflection. This is a general fact.

THEOREM 1.2 [25]. Rows in a frieze of width m are periodic with period dividing
m + 3.

The period n = m + 3 is called the order of the frieze in [25]. This periodicity is actually
implied by a stronger symmetry. Recall that a glide reflection is the composition of a reflection
about a line and a translation along that line.

THEOREM 1.3 [25]. Friezes are invariant under a glide reflection with respect to the
horizontal median line of the pattern.

In other words, friezes consist of a fundamental domain, for instance triangular, that
is reflected and translated horizontally. Extending the pattern (1), one observes this

property.

NOTATION 1.4. We label the elements in a frieze by using couples of indices (i,j) € Z x Z
such that i < j <i+m —1, where m is the width. By periodicity, the indices are often
considered modulo n = m + 3. We denote by I C Z? the set of indices. When representing
a frieze in the plane, the first index ¢ remains constant on a diagonal directed South-East, and
the second index j constant on a North-East diagonal.

1 1 1 1 1 1
€1,1 €22 s €ii ce €n,n €1,1
€1,2 €2,3 s €i,i+1 s €n,1
€n,2 €1,3 €24 ce €i,i+2 ce €n,2
1 1 1 1 1 1 1

(6)

By extension, we set €;;—1 = €;j+m = 1 and €; ;_2 = €; j4m+1 = 0, for all 1.

From now on, friezes are considered as evaluations e : I — A, where A is a commutative ring
with unit. Let us stress on that the frieze (e; ;) and the frieze (e; ;) related by €] ; = €;+1,541
have the same representations in the plane but are considered as two different friezes since the

mappings I — A are different.
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1.3. Linear recurrence relations

A key feature of Coxeter frieze patterns is that the diagonals satisfy linear recurrence relations
with coefficients given by the entries of the first row of the pattern. For a frieze of width
m =n — 3, we denote by aj,as,...,a, the cycle of n consecutive entries on the first row, so
that Ci,i = Q4.

PROPOSITION 1.5 [25]. For any fixed j, the sequence of numbers V; := e;; along the jth
South-Fast diagonal satisfies,
Vi=aiVi-1 —Vi_a, (7)

for all 1.

This statement is easy to establish using the unimodular rule, and is a key point in the
proof of Theorem 1.3; see also [26]. This also makes connections between friezes and continued
fractions [25].

1.4. Polynomial entries as continuants

Consider a frieze of width m =n —3 with first row consisting in the cyclic sequence
a1,a2,...,0n (SO that €ii = CLz').

1 1 1 1 1 1
ai a2 Qp ai
ajas — 1 asaz — 1 anpal — 1
1 1 1 1 1 1

If one uses the unimodular rule in the frieze to compute the values row after row, then one
would expect to obtain rational functions in variables a;. However, the entries are actually
polynomials in variables a; (this is a consequence of Proposition 1.5).

THEOREM 1.6 [25]. All entries in the frieze are polynomials in the entries a; of the first
row; explicit expressions are given by the following determinants:

a; 1
1 Aj41 1

Cij = : (8)
1 aj;—1 1
1 CLj

An arbitrary n-periodic sequence (a;) does not define a frieze pattern with e; ; := a;, for all
i. There is no guarantee that the bottom boundary condition, e;;1,—3 = 1 will be satisfied.
Three polynomial equations in variables a; have to be satisfied in order to define a frieze. These
equations can be written in terms of the determinants (8), cf. Theorem 1.15.

REMARK 1.7. The determinants (8) appear in the theory of continuants; see [67]. They
are also a first example of André’s determinants used to solve linear finite difference equations
[2, 50]. Note also that in the case of constant coefficients a; = 2z, the determinant (8) of order
k defines the kth Chebyshev polynomial of second kind Uj(x).
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1.5. Laurent phenomenon

Given a frieze of width m, denote by xg, z1, ..., Zmyy1 the entry on the Oth South-East diagonal
(note that xg = xp41 = 1).

1 1 1 1 1 1
Z1 €1,1 €22 e €m,m Tm
Z2 €1,2 o €m—1,m Tm—1
Tm €1,m x1
1 1 1 1 1

The unimodular rule allows us to compute the rest of the frieze diagonal after diagonal. One
expects to express the entries as rational functions in variables x;. Surprisingly all the entries
simplify to Laurent polynomials.

THEOREM 1.8 [26]. Entries in a frieze are Laurent polynomials, with positive integer
coefficients, in the entries x;, 1 < ¢ < m, placed on a diagonal. Furthermore, one has the explicit
formula

1 1 1
€ij = Ti-1Tj41 + +- : (9)
Ti1T;  TiTitl TiTj41

REMARK 1.9. The statement that entries are Laurent polynomials is not formulated in
[25], but is easy to deduce from the results of [25]. Indeed, from Proposition 1.5 one gets
a; = (Ti—1 + xiy1)/xi, 1 < i < m (formula given in [25, §§6 and 7]), then using Theorem 1.6
one can express all the entries as Laurent polynomials, but this does not ensure the positivity
of the coefficients. This phenomenon of simplification of the rational expressions is known as
Laurent phenomenon and occurs in a more general framework [35, 36]. Using this general
framework, one can improve the statement of Theorem 1.8.

THEOREM 1.10. Entries in a frieze are Laurent polynomials, with positive integer
coefficients, in the entries x;, 1 < i < m, placed in any zig-zag shape in the frieze.

Here ‘zig-zag shape’ means piecewise linear path from top to bottom where x;41 is placed
immediately at the right or at the left under x; (without necessarily alternating right and left).

ExaMPLE 1.11. Laurent polynomials obtained in a frieze of width 3:

1 1 1 1
. 1+29+ 2123 1+ 29 .
1 - - 3

T1To x3
1+[L‘11‘3 (1+f£2)2 + 2173
) E— T2
T T1T2T3

- 1+x9+ 2123 1+ 29 -
3 ToX3 X1 !

1 1 1 1

1.6. From infinite friezes to the variety of tame friezes

In this section, we explain the structure of algebraic variety on the set of Coxeter’s friezes.
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The following idea is used in [64]. We consider the formal infinite frieze pattern F'(A4;)icz,
where (A4;);cz is a sequence of indeterminates, placed on the first row:

1 1 1 1 1 1
Aq Ay Ay Ant1
A1As —1 AyAsz —1 s AnAn+1 -1

The entries in the frieze are computed row by row using the unimodular rule. The computations
are a priori made in the fractions field Q(A;, 4 € Z), but similarly to Theorem 1.6, one shows
the entries are actually in the polynomial ring Z[A;, € Z]. In particular, the frieze F(A4;) is
well defined from its first row of indeterminates. One can show that the entries in the frieze
F(A;) can be computed diagonal by diagonal using recurrence relations of type (7), or by direct
computation of determinants of type (8).

For a sequence of numbers (a;);cz in any unital commutative ring, we define the infinite
frieze F'(a;) from the formal frieze F(A;) by evaluating all the entries at 4; = a;, i € Z.

DEFINITION 1.12. We say that the frieze F(a;) is closed of width m if the (m + 1)th row
is a row of 1s and the (m + 2)th row is a row of Os.

EXAMPLE 1.13. The following frieze is a closed frieze of width 2 if and only if z = —1.
1 1 1 1 1 1 1 1
-1 -1 -1 —1—-x 0 x -1 -1
0 0 x -1 -1 —1—-z 0 0
1 1 1 1 1 1 1 1

Indeed, in the fourth row of the frieze F'(A4;) one has the entry e; 4 = A1 Ay AzAy — A1 Ay —
A1A4 — A3A4 + 1. If one evaluates F(Az) with A1 = AQ = Ag = —1 and A4 =-1- x, then
one obtains on the fourth row e; 4 = —1 — 2. Hence x = —1 is a necessary condition for the
above frieze to be closed of width 2. Then one checks that it is also sufficient.

REMARK 1.14. Friezes coming from an evaluation of F'(A4;) are generic in a wide sense.
The evaluation allows us to have a well-defined frieze from its first row even if the rows contain
0 entries. Such friezes are all tame (see the discussion in introduction to § 1 or Definition 3.1).

THEOREM 1.15 [25, 63]. The frieze F(a;) is closed of width m if and only if the sequence
(a;); is (m + 3)-periodic and satisfies

a; 1 ay 1 ay 1
1 as 1 1 as 1 1 as 1

1 Am+42 1 Qm 43 1 Q42

This result was obtained in [25, p. 307] when a,; are positive real numbers. The case of
arbitrary coefficients is deduced from [63, § 3] (particular case k = 1). In what follows, we will
mainly consider friezes over real or complex numbers.

When the frieze is closed of width m, the infinite array F(a;) has (m + 3)-antiperiodic
diagonals (it is a consequence of the periodicity of the coefficients and the recurrence relations
along the diagonals), therefore only the first m rows are relevant. Closed friezes are equivalent
to (tame) Coxeter’s friezes as defined in the introduction of § 1.

In conclusion, the set of real or complex (tame) Coxeter’s friezes of width m =mn — 3 is an
algebraic subvariety of R™ or C" defined by the three polynomial equations of Theorem 1.15.
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1.7. Superperiodic difference equations of order 2

We consider a linear difference equation of order 2, of the form
Vi=a;Vi-1 — Vi_a, (10)

where the a;, i € Z are coefficients and V;, i € Z the unknowns. This equation is sometimes
mentioned in the literature as ‘discrete Hill equation’ or ‘discrete Sturm-Liouville equation’ or
‘discrete one-dimensional Shrodinger equation’.

Following [56, 63], such an equation is called n-superperiodic if all its solutions (V;) satisfy

‘/i+n = *‘/z

for all 4 € Z, cf. Definition 3.12.

One shows that the set of superperiodic equations is defined by the same polynomial
equations in the coefficients a; as the closed friezes. In other words, one has the following
identification.

THEOREM 1.16 [64]. The space of tame Coxeter’s friezes of width m is isomorphic, as
algebraic variety, to the space of (m + 3)-superperiodic equations of type (10).

This result was also implicitly obtained in [29].

Note that superperiodic equations necessarily have periodic coefficients, since the coefficients
can be recovered from the solutions. In the correspondence between friezes and equations of
order 2, the entries in the first row of the frieze coincide with the coefficients of the equation,
and pairs of consecutive diagonals in the frieze with solutions of the equation from different
initial values. We will give more details in the next section.

1.8. Moduli space of points on the projective line

Cross ratios of points on the circle and frieze patterns were already linked in [25]. Here, we give
a different version of such a link. We explain how the results of § 1.1 (case n = 5) generalize to
any odd n = m + 3. We will show that frieze patterns provide natural coordinate systems on
the (real or complex) moduli space My, and also on the bigger space

Mo = {pi €P', i € Z, pirn = pi, pi # pi+1}/PGLa.

THEOREM 1.17 [64]. Ifn is odd, then the space M\O,n is isomorphic to the space of tame
Coxeter’s frieze patterns of width n — 3.

We assume that the spaces are considered over the field of real or complex numbers. In what
follows, we will work over C (the case over R is similar but requires more care regarding the
orientation). The above theorem is stated in [64], and was proved in a more general form in
[63]. We explain below in detail the explicit construction of the isomorphism. The construction
also uses an idea of [68], and general ideas of projective geometry [69].

Construction of the isomorphisms of Theorems 1.16 and 1.17. We fix an odd integer n. Given
an element p of My, we explain here how we construct a closed frieze f(p) of width n —3
and an n-superperiodic equation V(p).

First, we choose an n-periodic sequence (p;) of points in P! representing p modulo PGLs.

LEMMA 1.18. There exists a unique, up to a sign, lift of the sequence (p;) to a sequence
(Vi) of vectors in C2%, such that Vi, = —V; and det(V;11,V;) = 1, for all i.
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Proof. Consider an arbitrary lift of the points (po, ...,pn—1) to vectors 070, el ‘7”_1), and
extend the sequence by antiperiodicity. Since p; # p;11, we have: det(V;11,V;) # 0 for all . We
wish to rescale: V; = \;V;, so that det(V;41,V;) = 1 for all 4. This leads to the following system
of n equations:

/\i+1>\i:1/det(‘7¢+17‘2), i:O7...,n—2,
/\0)\11—1 = 1/ det(i}n_l,%).

This system admits a unique solution (up to a sign) if and only if n is odd. Hence the lemma.

O

The vectors of the sequence (V;) defined in the above lemma satisfy relations of the form
Vi = a;Vi_1 — V;_s with periodic coefficients a;y,, = a;. Moreover, the coefficients (a;) are
determined by p, that is, independent of the choice of the representative (p;). We denote
by V(p) the corresponding equation (10). The equation V(p) is superperiodic since the two
components of the vectors of the sequence (V;) provide two independent antiperiodic solutions.

In addition, modulo the action of GLs, we can normalize the lifted sequence of points so
that Vp = (0,1) and V,,—1 = (1,0).

The frieze f(p) is defined using the coeflicients (a;) on the first row. Moreover, the normalized
sequence of lifted points (V;) appears in the frieze (and also determines the frieze) as a pair of
consecutive diagonals. In the frieze f(p), one has

eri =V, en; =V,
where (V;(l), Vi@)) are the components of V;. One obtains the following picture for f(p):

1 1 1 1 1 1
V1(2) Vg(l) as a4 as
‘/2(2) - Cq Cs Ce
v
Vﬁ)g Vél_)Q . -
1 1 1 1 1

The entries e; ; in the frieze can be computed directly using the sequence of vectors (V;):
e;j = det(Vj, Vi_a).

Let us mention that the second row of the frieze has an important geometric interpretation:
it gives cross ratios associated to p. More precisely, one has the following proposition.

PROPOSITION 1.19. Ifp is an element of/\//\lo,n represented by an n-tuple (po,...,pn—1) of
points in P, then the entries in the second row of the frieze f(p) are
(pi — pi-3)(pi-1 — pi—2)
(pi — pi—1)(Pi—2 — Pi-3)

€i—1,i = [pi73api72apiflvpi] =

Proof. By Proposition 1.5, pairs of consecutive diagonals in the frieze represent the same
sequence of points modulo PGLs, up to cyclic permutations. For every j, one has

€j,i-3 €j,i—2 i1 i

[pi—37pi—27pi—1,pi] = [ , s )
€j—1,i—3 €j—-1,i—2 €j—-1,i—1 €j—1.

Choosing j = i, one easily computes
-10 1 €ii } _ 1/ei—1,i-1
b b b -
0 1 ei—14-1 €i—1,4 €iif€i—1i—1/€ei—1,i-1

[Di—3,Di—2,Di—1,Di) = [ =€i_1,- UJ
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REMARK 1.20. When n is odd, a point p € /T/I\O,n is characterized by the sequence of the
n cross ratios

C; = [Pifmpifz,pifl’pi]-

One can recover the first row of the corresponding frieze f(p) directly from this data by solving
for a; in the system of equations

1+c¢ =a0i41, 1<i<n,

where i is considered modulo n. When n is odd, the system of equations has two sequences of
solutions (a;) with opposite signs. Exactly one of these sequences defines a frieze.

2. Friezes and quivers

A first direction to generalize Coxeter’s notion of frieze pattern is to define frieze as functions
on a repetition quiver. Repetition quivers are classical objects in the theory of representations
of quivers.

Two main alternative conditions may be imposed to the functions on the repetition quivers
in order to define a frieze. One condition, that we call multiplicative rule, is a natural
generalization of Coxeter’s unimodular rule. The other condition is an additive analogue, that
we call additive rule, which naturally appears in the theory of representations of quivers.

Multiplicative friezes on repetition quivers were introduced in connection with the recent
theory of cluster algebras, [6, 22], and many results are obtained within this framework [3, 5,
10, 11, 21, 33, 54].

We define the main notions and give the main results that we need from quiver represen-
tations and from the theory of cluster algebras; details can be found in classical textbooks or
surveys on the subjects; see, for example, [7, 9, 41, 43, 52, 61, 73, 77].

2.1. Repetition quiver

Let Q be a quiver, that is, an oriented graph. The set of vertices Qy and the set of arrows 9,
are assumed to be finite. We denote by n the cardinality of Qg and often identify this set with
the elements {1,2,...,n}.

The quiver is said to be acyclic if it has no oriented cycle.

We denote by Q°P the quiver with opposite orientation, that is, all arrows of Q are reversed.

From an acyclic quiver Q, one constructs the repetition quiver ZQ (see [75]). The vertices
of ZQ are the couples (m, i), m € Z, i € Qq, and for every arrow ¢ — j in Q1 one draws the
arrows

(m,i) — (m,j) and (m,j) — (m+1,i),

for all m € Z. All the arrows of ZQ are obtained this way.

Note that if @ and Q' have same underlying unoriented graph, then they have same repetition
quivers but with different labels on the vertices. In particular, one has ZQ ~ ZQ°P.

We denote by 7 the translation on the vertices of ZQ defined by

7:(m, i) — (m— 1,14).

Similarly, one can define the repetition quiver NQ, which is identified with the full subquiver
of ZQ with vertices (m, 1), i € Qo, m € N.
A copy of Q in ZQ, with vertices (m, i), i € Qp, for a fixed m, is called a slice of ZQ.

ExAMPLE 2.1. The Dynkin quivers of type A, D, E, that is, those for which the underlying
unoriented graph is a Dynkin diagram of one of these types, play an important role in the
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theory of friezes. Below we fix the labels of the vertices of the Dynkin diagram that we will use
throughout the paper. We choose an orientation so that an edge i j is oriented from
the smaller index to the larger one. This notation agrees with the one of [41].

(1) Case Q= A,;:

e SININ AN N N
. ' I N N Y VI
v LN N NS N N S
0. 3 pa. TN Na s sl N SN
(2) Case Q =D,
! . . gt gt ° .
A Lo A ZenLex LT
. NN N N N
v LN e Ne S NSNS
Y i/ 70 "-../ \./ \0.1/ \1.1/ \./ \./ '
(3) Case Q=E,, n=06,7,8.
"ol . . Ot gt . .
7 NN SN A NSNS
A R WA NI D N
o7 R g et N S N
Q: e 70 : A T VIR S N

2.2. Friezes on repetition quivers

A generalized frieze of type Q is a function on the repetition quiver
[:72Q — A,

assigning at each vertex of ZQ an element in a fixed commutative ring with unit A, so that
the assigned values satisfy some ‘mesh relations’ read out of the oriented graph ZQ.
The function f will be called an additive frieze if it satisfies for all v € ZQy,

fEo)+ fl)= > f(w).
OzEZan:

The function f will be called a multiplicative frieze if it satisfies for all v € ZQy,

frofe) =1+ I fw).
aEZQQv
w—v
Additive friezes are classical objects in AR theory, more often called ‘additive functions’; see,
for example, [41] and references therein. Multiplicative friezes naturally appear in [22] and are
precisely defined in [6].

REMARK 2.2. It is possible to define friezes in a more general way using Cartan matrices
or valued quivers [6].
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REMARK 2.3. Other rules for friezes naturally appear in the context of cluster algebras.
For instance, cluster-additive friezes and tropical friezes with recurrence rules

flrv) + f(v Z max(f ), f(mv) + f(v) =max Z fw ,

respectively, are introduced and studied in [46, 76].

ExXAMPLE 2.4. For Q a Dynkin quiver of type A,,, multiplicative friezes coincide with the
Coxeter friezes of width m, and additive friezes coincide with the patterns studied in [60, 81].
See also [41] where many additive friezes are represented. We give below examples of friezes
over integers, for the type D5 and for the Kronecker quiver e ——= e.

(1) A multiplicative frieze of type D5 (computed in [10]):
2 1 4 b) 6 1
“““““““““““ 591%192%3%2919»10»2993%5%2‘““““

/ \ AN / N N .
/ NN N N AN
3 3 1 2 4 3
(2) An additive frieze of type Dj:
N N N AT NN LT

“““““““““““ 1» 1=>=1—>929—=>0—>-2>_-1—>1—>_-1> 92> _1—=1"

/\/\/\/\%\%

-1 1
/ NN N N TN
0 1 0 0 0 -1
(3) A multiplicative frieze over the Kronecker quiver:
1 2 13 89 610
“ Nl//f XS% \\34//1, §\233//4,

(4) An additive frieze over the Kronecker quiver:
1 3 ) 7 9
NN NN

DEFINITION 2.5. Let us fix a set of indeterminates {x1,...,2,}. The generic additive and
multiplicative friezes, denoted by f.q and fuu, respectively, are defined by assigning the value
x; to the vertex (0,4) for all 1 < ¢ < n. One obtains

faa 1 2Q — Lz, ... xp],  frou 1 ZQ — Q(z1,. .., 7).

We will refer to the entries x; as the initial values of the friezes.

Note that these functions are well defined, see, for example, [3, Lemma 3.1]. One can note
also that fu, takes values in Qg (z1,...,x,) the set of subtraction-free rational fractions and
using the theory of cluster algebras this can be even reduced to Z>0[£E:1t1, ..., o1 the set of
Laurent polynomials with positive integer coefficients.



908 SOPHIE MORIER-GENOUD

REMARK 2.6. If xq,...,z, are not indeterminates but some given values in a ring A, then
one may find different multiplicative friezes with same initial values ;. Indeed, it may happen
that f(7v) = 0 for some v, and thus the multiplicative rule does not allow us to define uniquely
f(v). Below, we give an example of two different multiplicative friezes on the repetition quiver
of Az with same initial values (0, —1,0).

/\/\/\/\/\
/\/\/\/\/\/

/\/\/\/\/\1
/\/\/\/\/\/

2.3. Symmetry of friezes

A frieze f:7ZQ — A is periodic, if there exists an integer N > 1 such that fr—~ = f. The
following theorem is a consequence in terms of friezes of classical results from the theory of
quiver representations and the theory of cluster algebras. We suggest a proof below.

THEOREM 2.7. The friezes faq and funy, over a quiver Q are periodic if and only if Q is a
Dynkin quiver of type A,,, D,, or Eg 7 g; in these cases the periods are

Periods fad Sfmu
A, n+1 n+3
D, 2(n—1) 2n
Fors | 12,18,30 | 14, 20,32

Note that the period of f.q coincides with the Coxeter number associated to the corresponding
Dynkin diagram, and the period of fy, Is that number plus two.

Proof. 1If Q is of type A, D, E, then the periodicity of the friezes can be established case
by case.

For the frieze f.q, the values on a given copy of Q are expressed linearly in terms of the
values of the previous copy. If d = (dy,...,d,) are on the mth slice of ZQ, then the values
d' = (dy,...,d,) of the next slice are obtained by applying a linear transformation ¥ to the
column vector d. The transformations in type A,,, and D,,, oriented as in Example 2.1, are,
respectively,

-1 1 -1 1
-1 0 1 -1 0 1

Tp=|: ., Up=|: R (11)
-1 0 | -1 0 |
-1 0 0 -1 0 0

and similarly one can write down the matrices for each of the types Eg 7,g. The periodicity of
the additive friezes then follows from the fact that each of the transformations ¥ has finite
order, which can be easily established, and determined, using Cayley-Hamilton’s theorem.
For the frieze fi,,, the periodicity in type A is established by Coxeter, cf. Theorem 1.2. One
can find similar arguments in type D and the friezes in the type Eg 7 g can be computed by
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hand. One can also interpret the periodicity of fi,, as the Zamolodchikov periodicity in the
cluster algebra of same type. This periodicity has been proved in [38].

The difficult part of the theorem is the necessary condition. We will give arguments using
quiver representations and cluster algebras in the next section (Remarks 2.21 and 2.30). |

For the multiplicative friezes of type A,, (that is, Coxeter friezes of width n) one already
knows that the friezes are 77 3-invariant. Moreover, one knows that there is an extra symmetry:
the invariant translation factorizes as the square of an invariant glide reflection. There is an
analogous extra symmetry in each other Dynkin type (that implies the periodicity) that can
be expressed using the ‘Nakayama permutation’ v. Following [41], we define v : ZQy — Z Qg
in each Dynkin case by

(i) v(m,i) =(m+i—1,n+1—1i) in type A, (v is a glide reflection);
(ii) v(m,i) = (m+n —2,4) in type D,,, with n even;
(iii) v(m,i) = (m+n—2,i),forl <i<n—2,andv(m,n—1)=(m+n—2,n),v(m,n) =
(m+mn—2,n—1) in type D,,, with n odd;

(iv) v(m,i) = (m+5,6 —1), for 1 <i <5, and v(m,6) = (m + 5,6) in type Eg;

(v) v(m,i) = 7-5(m, i) = (m +8,i) in type Ex;

(vi) v(m,i) =7"(m,i) = (m + 14,i) in type Es.

Note that v commutes with 7, and that v? = 7= with N =n —1,2(n — 2),10, 16,28, in
the cases A,,, D,, and Eg 7 g, respectively.

We also introduce the following other two transformations:

Yi=7"ty, F:=771!%.

REMARK 2.8. The transformations 7, v, ¥ and F are the combinatorial equivalent of the
AR, Nakayama, Serre and Frobenius functors, respectively, used for the quiver representations.

THEOREM 2.9. Let Q be a Dynkin quiver of type A, D, or Eg 7 3.
(1) The frieze faq satisfies

fadX = — faa.
(2) The frieze fumy satisfies

JouF = fou.

This result will be explained in Remarks 2.22 and 2.30 using a certain symmetry in the AR
quiver associated with Q°P.

Since all additive friezes can be obtained as an evaluation of the frieze f,q, one immediately
obtains the following corollary.

COROLLARY 2.10. All additive friezes on a repetition quiver of type A, D, E are periodic.

There exist ‘singular’ multiplicative friezes, which are not evaluations of fi,,, and may be
non-periodic, cf. Remark 2.6 where a non-periodic multiplicative frieze of type A3 appears.

2.4. Quiver representations

Friezes arise naturally in the theory of quiver representations. In this context, vertices of the
repetition quiver are identified with finite-dimensional modules of the path algebra defined over
the initial quiver. The structure becomes more rich. Additive or multiplicative friezes of integers
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can be obtained by taking the dimensions or the Euler characteristics of the Grassmannian of
the modules attached to the vertices. This will be developed in the next sections.

In this section, we collect briefly some basic facts and theorems of quiver representations.
We refer the reader to [7, 9, 41, 77], for details and complete expositions of the subject.

Let Q be a finite acyclic connected quiver. We work over the field of complex numbers. A
representation (or module) of Q is a collection of spaces and maps

(i) (Mi)icg,, where M; is a C-vector space attached to the vertex i;
(ii) (fij : Mi — M;)i—jco,, where f;; is a C-linear map attached to an arrow i — j.

Let M = (M;, fij) and M" = (M], f];) be two representations of Q. One defines naturally their
direct sum as M & M’ = (M; & M/, (fij, fi;)). A morphism from M to M’ is a collection of
linear maps (g;,% € Qo) such that all diagrams of the following form commute:

M, fij M,

M} —— M;
fij
The module M’ is a subrepresentation of M if there exists an injective morphism from M’ to
M. A representation is called indecomposable if it is not isomorphic to the direct sum of two
non-trivial subrepresentations.

We denote by rep Q the category of representations of Q, with objects and morphisms defined
as above. This category is equivalent to the category of modules mod CQ, where CQ is the
finite-dimensional algebra called the path algebra. This algebra is defined as the k-vector space
with basis set all the paths in @ and multiplication given by composition of paths.

In these categories, projective modules play an important role. We define the family of
standard projective modules P;, indexed by vertices i € Qy. The module P; has attached to
each vertex j the C-vector space (P;); with basis the set of all paths in Q from ¢ to j. For each
arrow j — £, the linear map fj; : (P;); — (F;)¢ is defined on the basis elements by composing
the paths from i to j with the arrow j — /.

Similarly, one can define the family of standard injective modules I;, indexed by vertices
i € Qp. The module I; has attached to each vertex j the C-vector space () ; with basis the set
of all paths in Q from j to i. For each arrow j — ¢, the linear map fj; : (I;); — (I;)¢ is defined
on the basis elements by sending the paths from j to i starting with the arrow j — ¢ to the
paths obtained by deleting the arrow j — ¢, and sending the other paths from j to 7 to 0.

Let us recall classical theorems and definitions in the theory of quiver representations.

THEOREM 2.11 (Gabriel). There exist only finitely many indecomposable representations
of Q, up to isomorphism, if and only if Q@ is a Dynkin quiver of type A, D, E. Moreover, if Q
is of type A, D, E, then the following map realizes a bijection:

{classes of indecomposables of rep Q} — {positive roots of the root system of Q},
[M]+— > (dim M;)o,
1€Q0

where {«;} is the basis of simple roots in the root system associated to the Dynkin diagram.

DEFINITION 2.12 (AR quiver). The AR quiver of rep Q is the quiver I'g defined by:

(i) vertices: isomorphism classes of indecomposable objects [M];
(ii) arrows: [M] LN [N], if the space of irreducible morphisms from M to N is of dimension ¢.
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The irreducible morphisms are those that are not compositions, or combinations of compo-
sitions, of other non-trivial morphisms. In other words, the AR quiver gives the elementary
bricks (modules and morphisms) to construct rep Q.

The following classical theorem relates the AR quiver I'g (or part of it) to the repetition
quiver over Q°P (the quiver with opposite orientation).

THEOREM 2.13. Let Q be a finite acyclic connected quiver.

(1) The projective modules all belong to the same connected component Ilg of T'g.
2) In the case when Q is a Dynkin quiver of type A, D, E, the quiver I"g is connected and
V. q YD q Q
can be embedded in the repetition quiver:

HQ ~ FQ — NQOP. (12)

The image of I'g under this injection corresponds to the full subquiver of NQ°P lying between
the vertices (0,1) and v(0,4), i € Qg. For alli € Qy, the projective module P; in rep Q identifies
with the vertices (0,4), and the injective module I; with v(0,1).

(3) In all other cases, I'g is not connected. The component Ilg is isomorphic to the
repetition quiver:

Mo = NQ°P. (13)

For all i € Qq, the projective module P; in rep Q identifies with the vertices (0,%), in NQ°P,

The structure of the graph NQ°P reflects properties between the modules of rep Q. Let M
and N be indecomposable modules. An exact sequence 0 — N — E % M — 0 is called almost
split, if it is not split and if every non-invertible map X — M, with X indecomposable, factors
through g.

THEOREM 2.14 (AR). Inrep Q, for every indecomposable non-projective module M, there
exists a unique, up to isomorphisms, almost split sequence 0 — N — E — M — 0.

The AR translation 7 is defined on the non-projective vertices of I'g by 7M := N for M
and N related by the almost split sequence 0 = N — E — M — 0.

THEOREM 2.15 (AR). Under the maps (12) and (13), the AR translation and the
translation T of the repetition quiver coincide.

Every almost split sequence 0 — 7M — E — M — 0 leads to the following subquiver of the
AR quiver I'g:

E, (14)

LB

M

N

where the modules E; are the indecomposable factors of E. There are no other arrows arriving
at vertex M or exiting from vertex 7M.
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2.5. Additive friezes and dimension vectors

Let f: ZQ — 7Z be an additive frieze of type Q. As usual, n stands for the cardinality of Q.
We denote by fy, ; the value of f at the vertex (m, j) of ZQ, and we denote by f,, the vector
of Z™ of the values of f on the mth slice of ZQ, that is,

fm,l
fmn
The frieze rule implies that the components of f,, are Z-linear expressions in f,,_1. In other

words, there exists a matrix Ugo, depending only on Q, satisfying for all m € Z

fm = \I/Qfm—b

We want to give an expression for Ug (for examples in type A and D, cf. (11)). We will use
some known results related to the representations of @ and Q°P.
The dimension vector of a module M = (M;,i € Qp; fo,a € Q1) is a vector of N™ defined by

dlimM = (dlm Mi)iGQo'

The alternate sum of dimensions of the spaces in the exact sequence 0 — 7M — @F; —
M — 0 vanishes and leads to the relation

dim7M + dim M = Z@Ez

This relation allows one to compute recursively the indecomposable modules from the
projective ones; the process is known as ‘knitting algorithm’.

The mapping dim : IIg — Z" is interpreted as an additive frieze on I1g. Using the map (12)
or (13), this induces an additive frieze from ZQ° to Z™. Since we consider friezes from ZQ to
7™, we will use the representations of Q°P. By Theorem 2.13, the standard projective modules
P?PP of rep Q°P are attached to the vertices (0,7) of ZQ, and in type A, D, E, the injective

modules I7® are attached to the vertex v(0,4) of ZO.
Define the additive frieze of dimensions

d: 729 — 7"

by assigning the initial values d(0,7) = dim P, for all i € Q. Using the projection pr; on the
1th component of the vectors in Z™, we define a family of additive friezes, indexed by i € Qp,

d =pr;od:72Q — 7.

EXAMPLE 2.16. Let us illustrate the above notions for the following quiver:
53 -
of P

of P4 PPy PP oof

W —>=1N

Q: 1 QP 1
P 1% P

where we write the dimension vectors of the modules under the form dlgi .
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We obtain the following friezes of type Q:

d: - 1 33 43

i > 18 2 2 3 4§

d:

One can see that in the frieze d' : ZQ — Z the first slice ,} coincides with the dimension vector
of Py, the next slices give the dimension vectors of the translated of P; through 77 1.

The vector dimensions, and thus the friezes d?, can be computed by the mean of the so-called
Coxeter transformation. Let us recall some known results; see, for example, [7, 77].
The Cartan matrix Cg = (¢i;)i,jeq, associated with Q is given by

¢i; = number of paths in Q from j to i.
The matrix Cg is invertible; its inverse C’él = (b;;) is given by b;; = 1 and for ¢ # j
b;j = —(number of arrows in Q from j to 7).
The Coxeter transformation ®¢ is defined as
o =—"CoCg",

where the superscript ¢ denotes the transpose operation on the matrix Co.
Note that Cger = 'Cg and ®gor = @él. Also it is immediate from the definitions that

®o dim P; = —dim I;,

for all standard projective and injective modules. In general, one has the following classical
theorem; see, for example, [7, §IV 2.9, p116, 77, Corollay 7.16, p. 190].

THEOREM 2.17. Let M and N be indecomposable modules of rep Q. If M is non-projective,
and N non-injective, then one has

g dim M =dim 7M, &g'dim N =dim 7' N.
The above relations interpreted in terms of friezes lead to the following result.
LEMMA 2.18.  For the friezes d', one has Vg = ®g', that is, di, = ®g'd:,_,, for allm € Z.

Proof. The j-th column of the matrix Cger gives the vector dim Pf P and the ith row of
Cger gives dim P; which is also the vector dj = (df) ;) of the values of the frieze d’ on the copy
of 0 x @ in ZQ. By Theorem 2.17, one has

®ghy Coor = (dim 77" PP, ..., dim 77 ' PP) =: Bger.
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The ith row of Bger gives the vector dj = (df ;) of the values of the frieze d* on the next copy
of 1 x Q@ in ZQ. By transposing the matrices in the above equation, one obtains

(d},....d}) ="Bger = Cgo '®gh, = Co'®g = 05'Co = 05 (dy, ..., dj).

Hence, the result. U

PROPOSITION 2.19.  The family (d');c o, forms a Z-basis of the space of additive friezes from

ZQ to Z. The additive frieze faq : ZQo — Z[x1, . ..,x,] decomposes as a formal combination
fad = Z aidiv
i€Qo

where the coefficients are given by (a;); = Cél(xz)l

Proof. Let f:7ZQy — Z be an additive frieze with initial values given by the column vector
fo = (fo,)j. The vectors dfj are the columns of the invertible matrix Cg; in particular they
form a Z-basis of Z20. One writes fo in this basis:

fo= Zaid(i) = Co(ai);.

Using Lemma 2.18, one obtains the values of f on any slice as fr, = 5™ >, aidy = Y, aidy,.
One deduces f = >, a;d’, with (a;); = Célfo. O

ExaMPLE 2.20. Going back to Example 2.16, one computes the Cartan matrix, its inverse
and the Coxeter transformation

1 0 0 1 0 0 -1 1 1
Co=|11 0], C'l=[-1 1 0], o'=-Co'Cq'=[-1 0 2
2 1 1 -1 -1 1 -2 1 2

The formal frieze foq is

. _ X2 3.T3
Jaa: ) Lz 2 /Q‘IS\L xl ——S.Tl
> T T3 T2 4 T3 > 352,53321933 = 3x3 — 271 —> 4da3 — 311 >
and decomposes as
ay Z1 Z1
fad = a1d" + asd® + azd® where |y | = Cél To | = To — T
a3 T3 I3 — T2 — 21

For instance, one can check this formula for the vertex (1,1):
faa(1,1) = z1d" (1, 1) + (22 — 21)d*(1,1) + (25 — 22 — 21)d*(1,1)
= 2(E1 + 2(‘%2 - xl) + (1'3 — X2 — 1'1)
= —X —|— o —|— xTs3.
The values of f,q on consecutive copies of Q in ZQ are obtained by applying q)él:
(I)él T —T1 + x2 + T3 p=1 —2z1 + 23 o1

(1)51 Q Q
- — i) I 7I’1+2l’3 I 731171 +I‘2+3IL'3 —_— .
I3 —21’1 + T2 + 2£C3 —3.’E1 + 4£E3
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REMARK 2.21. In the case when Q is an acyclic quiver not of Dynkin type A, D, E, by
a theorem of Auslander [8] one knows that there exist indecomposable modules in rep Q°P of
arbitrarily large dimensions. Hence, at least one of the functions d* is not bounded, and the
frieze faq cannot be periodic. This is the final argument for the proof of Theorem 2.7 in the
additive case.

REMARK 2.22 (Proof of Theorem 2.9, additive case). In the case when Q is a Dynkin quiver
of type A, D, E, the identifications of the vertices (0,7) and v(0, ) of ZQ with the modules
P;-) P and I;p induce the symmetry of f.q given in Theorem 2.9. Indeed, the property

d'(—1,5); = ®o(d(0,5)); = —(d'v(0, 7)),

is a reformulation of the property ®odim P; = —dim I;. One therefore deduces the symmetry
dit='v = —d?, for all i. Applying twice this property, one deduces the periodicity. One can
explain that the periods are exactly the Coxeter number of the Dynkin graph Q by interpreting
the Coxeter transformation ®g as the action of a Coxeter element of the Weyl group in the
corresponding root system. The order of such elements is precisely the Coxeter number of the
graph.

2.6. Multiplicative friezes and cluster character

The theory of multiplicative friezes is closely related to the theory of cluster algebras. One can
immediately recognize the entries of the frieze fi,, as cluster variables. We start by collecting
some basic definitions and notions from the theory of cluster algebras.

Cluster algebra is a recent theory developed by Fomin and Zelevinsky [35-37]. Let us mention
the following surveys, notes and books, on the subject [43, 52, 61, 73], where one can find
more details on what will be exposed below.

Cluster algebras are commutative associative algebras defined by generators and relations.
The generators and relations are not given from the beginning. They are obtained recursively
using a combinatorial procedure encoded in a quiver.

We fix here the algebraically closed field £ = C. Our initial data are a quiver Q with no
loops and no 2-cycles, and a set of indeterminates {x1,...,z,}. As before n stands for the
cardinality of Qg, and the vertices are labelled with an integer in {1,...,n}. The cluster algebra
Ag(x1,...,2,) will be defined as a subalgebra of the field of fractions C(z1,...,z,). The
generators and relations of Ag are given using the recursive procedure called seed mutations
that we describe below.

A seed is a couple X = ((uq,...,u,), R), where R is a quiver, without loop and 2-cycle, with
n vertices, and where uq, ..., u, are free generators of C(x1,...,x,) labelled by the vertices of
the graph R. The mutation at vertex k of the seed ¥ is a new seed py(X) defined by

: /
(1) pelur, ... un) = (U1, ..o, Uk—1, UL, Ukt1, - - -, Up) Where
/
ukUk = H (173 + H Ui
arrows in R arrows in R

(ii) wx(R) is the graph obtained from R by applying the following transformations:

(a) for each possible path i — k& — j in R, add an arrow i — j;
(b) reverse all the arrows leaving or arriving at k;
(¢) remove a maximal collection of 2-cycles.

Mutations are involutions.
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ExaMpLE 2.23. Example of mutation

AL

(.Tl,xg,xg), ] <—— -~ (%,1‘2,1‘3), 1—3

DEFINITION 2.24. Starting from the initial seed £9 = ((21,...,zyn), @), one produces n new
seeds pg(Xo), k = 1,...,n. One applies all the possible mutations. The set of rational functions
appearing in any of the seeds produced in the mutation process is called a cluster. The rational
functions in a cluster are called cluster variables. The cluster algebra Ag(x1,...,x,) is defined
as the subalgebra of C(z1,...,xz,) generated by all the cluster variables.

Note that if ((u1,...,u,),R) is a seed obtained by sequences of mutations from
((x1,...,2n), Q), then the algebras Ag(u1,...,u,) and Ag(z1,...,z,) are isomorphic.
One of the first surprising results is the so-called Laurent phenomenon.

THEOREM 2.25 [35]. In the cluster algebra Ag every cluster variable can be written as a
Laurent polynomial with integer coefficients in the variable of any given cluster.

Moreover, the coefficients of the above Laurent polynomials have been conjectured to be
positive integers. This is proved in the situation we are considering (and in other more general
situations); see [55, 59].

The following result characterizes the Dynkin quivers in the theory of -cluster
algebras.

THEOREM 2.26 [37]. The cluster algebra Ag has finitely many cluster variables if
and only if the initial graph © is mutation equivalent to a Dynkin quiver of type
A, D, E.

Moreover, in type A, D, E, the cluster variables are uniquely determined by their monomial
denominator (we define uniquely the denominator by writing the variables as irreducible
rational fractions).

THEOREM 2.27 [37]. If Q is a Dynkin quiver of type A, D, E, then one has a bijection
between the set of non-initial cluster variables of the algebra Ag(uy,...,u,) and the positive
roots of the root system associated to Q. Under this bijection, there is a unique cluster variable
with denominator u$*ud? - .. udn | for each positive root Y ico, diti-

When combining the above theorem with Gabriel’s theorem, one obtains a bijection

{indecomposables of rep Q}/ ~ — {non-initial cluster var. of Ag(u1,...,un)}, (15)
M +— xp

that gives xp; as the unique cluster variable with denominator u‘flug"‘ cudn where (d;) =
dim M.
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Caldero and Chapoton gave an explicit formula for the variables x ;. Their formula uses the
quiver Grassmannian Gr.(M) defined for a quiver representation M by

Gr.(M) = {N subrepresentation of M, dim N = e},

for all e € N0, The quiver Grassmannian is a projective subvariety of a product of ordinary
Grassmannians.

THEOREM 2.28 [22]. Let Q be a Dynkin quiver of type A,D,E, and M be an
indecomposable module of rep Q with dim M = (d;). One has

1 Zj*»i e"+21‘ﬂj(dj_e")
Ty = T PR Z x(Gre(M)) H L ’ 7, (16)
Trug? ..

n

™ eeN<o i€Qo

where x is the Euler characteristic.

The function CC : M +— CC(M) = z defined by the formula (16) is known as the Caldero—
Chapoton formula and often called a ‘cluster character’.

PROPOSITION 2.29 [22]. Inrep Q each exact sequence 0 — M — > E; — M — 0, where
M and FE; are indecomposables leads to a relation

TrpmxTy =1+ HxE

Recall that the exact sequences as above are represented by the picture (14) in the AR
quiver of rep Q. In other words, the evaluation of the cluster character CC on the AR quiver
gives rise to a piece of multiplicative frieze. This property certainly motivated the definition of
generalized multiplicative friezes.

REMARK 2.30 (Proof of Theorems 2.7 and 2.9, multiplicative case). Let Q be a Dynkin
quiver of type A, D, E. By Theorem 2.13, we identify the AR quiver I"gop with the full subquiver
of ZQ containing all the vertices between (m, i) and v(m,i), i € Qg so that P{¥ = (m,i) and
I’ = v(m,i).

Denote by u, . .., u, the entries fiu(m —1,1),..., fmu(m — 1,n) in the multiplicative frieze
fmu. It is clear from the definition of the frieze rule that all the entries of f,, are cluster
variables of Ag(ug,...,u,). One computes by induction the denominators of the entries
fmu(m, i) using the frieze rule (this can be done case by case for instance on the quivers
given in Example 2.1). The denominator of fu,(m — 1,4) is of the form u{ ul? .. ul" with
d;j equal to the number of paths from j to i in Q. In other words, (d;); = dim P;*. By (15),
one obtains fuu(m, ) = xper; by Proposition 2.29, one deduces fmu(M) =z for all M of
Tgor identified with a vertex of ZQ. In particular, one has fiu(v(m,4)) = fuu(L;") = xor.
Similarly, one can compute the dens)mi,natorslof the entries fuu(m — 2,4) and checks that the
denominator of fiu(m —2,17) is uillugz ...ul with (d}); = dim I7*. Hence, fou(m —2,i) =
zov = fmu(v(m,4)). This establishes the symmetry fm, = fmurT 2 stated in Theorem 2.9. By
applying twice this property, one obtains the periodicity.

When Q is an acyclic quiver, not of type A, D, E, one may use similar arguments. It is more
convenient to use the cluster category Cgo; see [20, 73]. To each rigid indecomposable module
M of Cg, one assigns injectively a cluster variable x ;. Formula (16) and Proposition 2.29 can
be generalized to the acyclic case. The connected component of the AR quiver of Cg containing
the projective modules, called tranjective component, is isomorphic to ZQ. The frieze f,, can
be viewed as the evaluation of C'C on the transjective component. Therefore, the frieze contains
infinitely many different entries and cannot be periodic. More details can be found in [3].
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REMARK 2.31. In the frieze fi4, from the values u; on the slice m x Qgy, one computes
the values on the next copy (m + 1) X Qg by induction using the frieze rule. This induction
corresponds to performing a suitable (not unique) sequence of mutations, in which every
mutation p; for ¢ € Qp appears exactly once. At each step, the mutation will be performed
at a vertex that is a source (that is, which has only outgoing arrows). In type A, D, E, with
initial oriented quiver given as in Example 2.1, a possible sequence is = piy, - - - pop1. The
periodicity of the multiplicative frieze corresponds to the fact that p has finite order h + 2,
where h is the Coxeter number associated to the Dynkin quiver. This property is known as
Zamolodochikov periodicity. It was proved in the Dynkin case in [38] and in a more general
case in [53]; see also [52].

3. SLjy1-friezes

Coxeter’s frieze patterns naturally generalize to SLj1-tilings and SLg1-friezes.

An SL,-tiling [6] is an infinite array (e; ;); jez satisfying Coxeter’s unimodular rule: all 2 x 2
minors over adjacent rows and adjacent columuns in the array are equal to 1 (in comparison
with frieze patterns, the boundary condition of rows of 1s and Os is removed). Generalizing
this rule to (k + 1) x (k4 1) minors of adjacent rows and columns, we arrive at the notion of
SLj41-tilings [14]. An SLj;-tiling bounded (from top and bottom) by a row of 1s and k rows
of 0s, is called an SLj;-frieze [14, 24, 63].

Friezes and SLj1-tilings recurrence relations appearing in mathematical physics as relations
satisfied by a family of transfer matrices in solvable lattice models [13, 57]. These systems are
also related to the discrete Hirota equation or octahedral recurrence. They were recently studied
in connection with the combinatorics of cluster algebras; see, for example, [30, 31, 51].

A geometric interpretation of SLj,1-friezes leads to the classical moduli spaces of config-
urations of points in projective spaces. The latter spaces are, in turn, closely related to the
geometry of Grassmannians. Furthermore, SL1-friezes can also be interpreted as difference
equations with special monodromy conditions. The three realizations of the same space: that
of SLj1-friezes, moduli spaces, spaces of difference equations is referred as ‘triality’ in [63].

3.1. SLgy1-tilings and projective duality

Let M = (m; ;)i jez be a bi-infinite matrix with coefficients in an arbitrary field of character-
istic 0. Define the adjacent minors of A of order r + 1 based on (4, 7) as

mivj mi7j+1 . mi7j+r
1 m; Pomy i o.My i
Mi(Z‘Jr ) — det i+1,j i+1,54+1 i+lj+r | (17)
Mitr,j  Miqr 41 oo Migr j4r

DEFINITION 3.1 [14]. (1) An SLgyq-tiling is an infinite matrix M = (m; ;); jez for which
all adjacent minors of order k + 1 equal 1, that is, Mi(’];H) =1 for all 7,5 € Z.

(2) An SLj;-tiling is called tame if in addition all adjacent minors of order k + 2 vanish,
that is, Mi(f;“) =0 for all 4,5 € Z.

The tameness condition is understood as a condition of genericity on the tiling. For instance,
every SLjyi-tiling with non-zero adjacent minors of order k is tame, due to the Desnanot—
Jacobi, or Sylvester, identity

(r+1) 3 r(r=1)  _ 5 r(1) 3 ,(7) (r) (r)
Mi,j Mi+1,j+1 = Mi,j Mi+1,j+1 - Mi,j+1Mi+1,j'
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EXAMPLE 3.2. Every Coxeter frieze uniquely extends to a tame SLo-tiling [14]. For
instance, the frieze (1) extends to

DEFINITION 3.3 [14]. (1) The r-derived array of the SLji-tiling M = (m; ;)i jez is the
bi-infinite matrix defined by
8TM = (M(r))z,jez

)

(2) The k-derived array is called the projective dual of M and denoted by M*.

The link to classical projective duality will be explained in §3.5.

PROPOSITION 3.4 [14]. Let M be a tame SLy1-tiling.

(i) The projective dual of M is also a tame SLj1-tiling.
(ii) One has the following correspondence between the derived arrays of M and M*:

(OrM)i; = (Okp1—rM™)igr—1j4r—1-

In particular, (M*)* and M coincide up to a shift of indices.

3.2. T-systems

A T-system of type Ay is the following recurrence on the variables {Tt v }o .0t
Ta,u,v+1Ta,u,v71 - Ta,qul,vTa,ufl,u = a+1,u,vTa71,u,v (18)
with o € {0,1,...,k,k+ 1}, u,v € Z, and boundary conditions

T‘O,u,v = Tk+1,u,v = ]-7 (19)
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for all u,v € Z. It is nothing but the octahedral recurrence subject to boundary conditions.

a—+1,u,v

a,u, v+ 1

a,u,v—1

a—1,u,v
A T-system splits into two independent subsystems
{Touw} ={Tauv : a+u+veven} U{Ty 4y : a+u-+vodd},

each subsystem satisfying the recurrence (18). In what follows, we will consider o + u + v even.

THEOREM 3.5 [13, 57]. If {Tq uv}auw satisfy (18), then for all 0 < o < k, u,v € Z:

Tl,u,vfa Tl,u+1,7j+17a e Tl,u+oz,'u
Tl,ufl,erlfoc Tl,u,v+27oc e Tl,quafl,'qul
Ta+1,u,v = det . .
Tl,ufoc,v Tl,u+17a,v+1 e Tl,u,era

Applying the above result with a =k, one deduces that the first layer of a T-system
{T1 uv}uw forms an SLj; tiling, and the next layers are obtained as derived arrays of this
tiling. More precisely, as noticed in [14], one has the following result.

COROLLARY 3.6. Let {Ta,u0}auwv be asolution of (18) and (19). Set M = (m_ ;); ; with
M4 = 11 j—iit+5. Then, M is an SLj-tiling and

aocMi,j = Ta,u,v

foralla=1,...,k andv =1+ j+ «a, u=j — i. Conversely, every SLy1-tiling gives rise to a
solution of (18).

3.3. Periodicity of SLyy1-friezes

An SLj44-tiling F' = (f; ;)s,; is called an SLy41-frieze of width w if, in addition to the condition
Mi(7§+1) = 1, it satisfies the following ‘boundary conditions’:
{fi,i—l = fiitw =1 for all 4,

fiic1—¢ = fiitwte =0 for 1 <L <E.

REMARK 3.7. The notion of SLy-friezes of positive numbers first appeared in [24], with
the extra condition that all minors AY]) equal 1 for 2 <r < kand 1 < j < w. Such arrays were
shown to be (k+ w + 2)-periodic (this generalizes Coxeter’s Theorem 1.2). This periodicity
holds true for all tame SLg1-friezes.
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THEOREM 3.8 [63]. Every tame SLy1-frieze (f; ;)i ; satisfies, for all i, j,

fii =D  fithqwsay and  fij = (1" fijirrwre.

In particular, for all i, j, one has

fij = fithtwt2,j+k+wt2-

The above periodicity of tame SLj1-friezes has been announced in [14]; another proof is also
given in [51] in the context of T-systems. It turns out that this periodicity can be interpreted
as Zamolodchikov’s periodicity for systems of type Ay x A, established in this case in [83].

REMARK 3.9. When the frieze is not tame one may observe different phenomena. For
instance, the array in Example 1.13 can be extended to a 6-periodic SLo-frieze of width 2.
The second array in Remark 2.6 leads to a non-periodic SLy-frieze of width 3. For interesting
properties of non-tame friezes, see [28].

We will display the SLy1-friezes as follows, and often omit the k bordering rows of 0s (note

a slight change in the notation by a horizontal flip compared to the notation for Coxeter’s
friezes):

0 0 0 0 0

1 1 1 1 1
fo,w—1 frw fo,w41
fon fiz f23 f3.4 fas
fo,o fia f2,2 fas faa
1 1 1 1 1
0 0 0 0 0

We denote by Fj41.n the set of tame SLjy-friezes of width w =n —k — 2.
The set Fj41,, has a natural structure of algebraic variety (for the Coxeter’s case k = 1, see
§1.6, and for the general case, see §3.4).

3.4. Friezes, superperiodic equations and Grassmannians

The results of §§1.3 and 1.7 generalize to SLy41-friezes. Consider the following general linear
difference equation:

Vi=alVioi—alVieg+ -+ (D" el Vieg + (=1)"Vi_p_, (20)

with coefficients ag € R, where i € Z and 1 < j < k (note that the superscript j is an index,
not a power), and where the sequence (V;) is the unknown, or solution. The entries in a tame
SLj1-tiling turn out to be solutions to such equations [14, 31]. For the SLj1-friezes, one has
precisely the following.

THEOREM 3.10 [63]. Given a tame SLyy1-frieze F = (f; ;)i; of width w and let n =k +
w + 2, for every fixed i, the sequence (V;); defined by

Vi = fio,i
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satisfies equation (20) with n-periodic coefficients

Jimjtti—j+1 oo Jimj+1i

1 i
REMARK 3.11. The above coefficients o’ are adjacent minors of order j in the array F,

denoted by Fi(z)j-+17i_j+1, cf. (17). One also has a] = Fka+D)

i+2,i4+1+w*

DEFINITION 3.12 [56, 63]. An equation of the form (20) is called n-superperiodic if it
satisfies the two conditions:

(i) all coeflicients are n-periodic, that is, ag n = ag for all 7, j and
(ii) all solutions are n-antiperiodic, that is, satisfy V;y, = (—1)*V;, for all i.

We denote by &ii1,, the set of linear difference equations of order k +1 that are n-
superperiodic. The second condition in Definition 3.12 is actually a condition on the nk
coefficients of the equation. It gives rise to k(k + 2) independent polynomials relations; see,
for example, [63]. The set 11, is an algebraic subvariety of R¥" or C*", of codimension
k(k+2).

By combining Theorems 3.8 and 3.10, one deduces that friezes give rise to superperiodic
equations. The converse is also true, more precisely one has the following.

THEOREM 3.13 [63]. The spaces Fi1,n and Ext1,, are isomorphic algebraic varieties, for
all integers k and n.

Let Gryy1,, be the Grassmannian, that is, the variety of k + 1 dimensional subspaces in
the vector space of dimension C", and Gry,; , < Grgi1,, be the open subset that can be
represented by (k4 1) x n matrices whose adjacent minors of order k + 1 do not vanish. A
natural embedding of the space of friezes into the Grassmannian:

fk+1,n — GI‘Z_’_LH — Grk,—i—l,na
is given by ‘cutting’ the following (k + 1) X n matrix
1 f1,1 Ce A fLw 1

L T L TS |

in the frieze.

3.5. Moduli space of polygons in the projective space

A non-degenerate n-gon is a map

v:Z — CP*
such that v;y,, = v;, for all 4, and no k + 1 consecutive vertices belong to the same hyperplane.
We denote by Cj41,, the space of equivalence classes of non-degenerate n-gons in CP*, modulo

projective transformations (that is, modulo PGLj1-action).
The Gelfand—McPherson correspondence [44] gives the following identification:

Ck+1,n =~ Grz+1,n/((c*)n_17
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that can be easily understood via choosing a representative for v in Cpyi,, and lifting
(v1,...,v,) to CF*1. Such a lifting is defined on the class of v up to non-zero multiples,
that is, up to the action of the torus (C*)"~1.

THEOREM 3.14 [63]. Ifk + 1 and n are coprime, then there is an isomorphism of algebraic
varieties:

ngrl,n =~ ~7:k:+1,n =~ Ck:+1,n~

The above isomorphism is obtained by the composition of maps: Fyi1n — Gri,q, —
Ci+1,n- If K41 and n are not coprime, then this map is a projection with a non-trivial kernel.

More explicitly, starting from an n-gon v, there is a unique lift of v to V = (V;); with
V; € C**! such that V;y, = (—1)*V; and

det(‘/;h ‘/i+17 RN ‘/Z+k) =1

for all ¢, provided k + 1 and n are coprime (cf. the case k = 1 explained in §1.8). Moreover,
the sequence satisfies relations of the form (20), with coefficients that are independent of the
choice of v modulo PGLg41. Thus the class of v defines a unique superperiodic equation, that
is, an element of &1 ,. Modulo the action of SLjy; the sequence V' can be normalized so
that (Vo, Vi,...,Vu_1) € (CET1)™ is of the matrix form (21). This matrix extends to a unique
element of Fjy1 ,, independent of the choice of v modulo PGLj ;. Conversely, given a frieze
F = (fi ;) in Fry1,n, every subarray (f; j)r<i<rtk,0<i<n—1 Of size (k + 1) x n defines the same
sequence (Vp, ..., V,_1) modulo SLy; and by projection C*+1 — CP* defines a unique element
of Ck+1,n~

DEFINITION 3.15. Let v = (v;) be a non-degenerate n-gon in CP*. For each hyperplane
containing the k points (v;,...,vi1x—1), we denote by v; , the corresponding element in
P((Ck*1)*) = CP*. The sequence v* = (v}) is called the projective dual n-gon of v.

2

The duality commutes with the action of PGLy11, so that the map *:Cri1.n — Crt1,n
is well-defined. Moreover, this duality coincides with the projective duality on the friezes of
Definition 3.3, that is, the following diagram commutes:

Fe ]:k-i-l,n é v e Ck-i—l,n
F*c fk—i—l,n i> v* € Ck-‘rl,n
REMARK 3.16. In terms of equations, the projective duality gives the following equation:
k k—1 k— * k
Vi =al Vit - e o Vi (D) T Vi + (DY,
dual, or adjoint to equation (20). This implies that in terms of friezes the dual array F* is
obtained from F' by performing a horizontal reflection and a horizontal shift.
3.6. Gale duality on friezes and on difference operators
The classical Gale transform is a map
G: Ck-l—l,n — Cw-f—l,n»

where k + w + 2 = n; see [32, 42]. This map is nothing but the duality of the Grassmannians
Gri+1,n = Gryt1,, combined with the Gelfand-McPherson correspondence.
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We define the map G : Fiy1,n — Fu+1,n that we call ‘combinatorial Gale transform’. One
has the following commutative diagram:

fk—&-l,nc—) Grk+1,n — > Ck-i—l,n

Q\L Il Gi
‘7:w+1,n(—> er+1,n —_—> Cw+1,n

If £ 4+ 1 and n are coprime, then the map G tautologically coincides with G, otherwise, this is
a non-trivial generalization.

The explicit construction of the combinatorial Gale transform is as follows. Let F' = (f; ;)i ;
be a tame SLyj1-frieze of width w, and let n = k + w + 2. Consider the coefficients a] defined
in Theorem 3.10, and form F9 = (flgj)” the following array:

1 1 1 1 1 1
a, a az a,
an aj a3 an
ak ak asy ak
1 1 1 1 1 1

where fZQJ = af:lj"’i.
THEOREM 3.17 [63]. The array FY is a tame SL,, 1-frieze of width k.
We call the frieze F9 the Gale dual of F.

Equivalently, this duality can be expressed in terms of superperiodic equations. Let V be an
n-superperiodic equation of the form (20). Consider the equation V9 of the form

V=iV —afVay 4+ (1) Ve, + (- 1)UVE, (22)
where the coefficients are n-periodic given by
1
@it1 1
2 1
i Git2  Qiyo 1
af = ; : ) . (23)
: " . 1
j+1 2 1
ag+j+1 o Qg Qi

The above equation (22) is n-superperiodic. This is the Gale dual, of equation (20). Note that
formula (23) is a generalization of the determinantal formula (8) for the Coxeter’s friezes.

A beautiful application of the combinatorial Gale transform and projective duality was given
by Krichever [56] in terms of the old classical problem of commuting difference operators.
Associate a difference operator to every equation (20):

L:=alT—a?T? + - 4 (=1)*LafT* 4 (—1)FTFH,

where T is the shift operator acting on the space of infinite sequences TV; = V;_;. The
operator L is superperiodic if the eigenspace ker(L —Id) is contained in the eigenspace
ker(T™ — (—1)*Id). The projective duality and combinatorial Gale transform then can be
viewed in terms of operators instead of equations. In particular, one obtains the superperiodic
operator L*9, corresponding to the frieze F*9.

THEOREM 3.18 [56]. Ifk -+ 1 and n are coprime, then the operators L and L*9 commute.
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REMARK 3.19. As mentioned in Corollary 3.6, an SLj;-tiling and its derived arrays form
a T-system. Such system can be pictured in the three-dimensional space, inside a k x w X n
box (with n =k + w +2). We see a as the vertical coordinate and (7,j) as coordinates in
the horizontal plane. Given a frieze F, its derived arrays 0> F,03F), ... lie on horizontal planes
a=1,2,3,..., respectively. The top plane a = k contains the projective dual frieze F*. Up
to a shift of indices, the Gale dual frieze F9 is located on the vertical plane i = j, and its
derived arrays, 9,F9,05F9,... lie on vertical planes j —i = 1,2,..., respectively. The last
plane, i — j = w — 1, consists of the array (F9)* which is also equal to (F*)9 up to a shift of
indices.

n

The faces of size k x w located on the walls ¢ = const give a system of coordinates on Fy1 5.
For every ¢ =1,...,n, the values on the face (0oF; ;)a,; are cluster variables of the cluster
algebra of type Ay x A,, and each face forms a cluster. This cluster structure on Fj41 4, is
the one of the Grassmanniann Gryyi, (see [79]), in which the frozen cluster variables are
evaluated to 1. This is a generalization of the results of [64] established in the case k = 2.

4. Friezes of integers and enumerative combinatorics
Important problems in the theory of friezes concern the friezes with positive integers.

(i) How to construct friezes containing only positive integers?
(ii) How many such friezes do exist?
(iii) What do the numbers appearing in the friezes count?

In the case of Coxeter’s friezes, all these questions have been answered thanks to a beautiful
correspondence between friezes and triangulations of polygons due to J. H. Conway. We explain
them in §§4.1 and 4.2. In the more general case of multiplicative friezes over a repetition quiver
or in the case of SLy-friezes some answers to the above questions are known. We expose them
in §§4.3-4.5.

Finally, one can ask a converse question. Can one produce new type of friezes using
combinatorial models? In § 4.6, we present a variant of frieze obtained from arbitrary dissections
of polygons.

4.1. Coxeter’s friezes of positive integers and triangulations of polygons

Coxeter formulates the problem of obtaining friezes with positive integers [25]. He obtains a
criterion to characterize such friezes (see Proposition 4.2) and connects them to the theory of
continued fractions.

From Coxeter’s results (see Theorems 1.6 and 1.10), one obtains the following immediate
corollaries.
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PROPOSITION 4.1. (i) If the first row of a given frieze consists of integers then all the entries
of the frieze are integers.

(ii) If a frieze pattern contains a zig-zag of 1s, then all the entries of the frieze are positive
integers.

Let z1,...,z, be the entries on a diagonal of a frieze, with the convention xg = x,,,+1 = 1.
Theorems 1.6 and 1.8 lead to the following criterion.

PROPOSITION 4.2 [25]. If the entries x1,...,%,, are all positive integers satisfying the
condition x; divides x;—1 + x;11, for all 1 < i < m, then all entries in the frieze are positive
integers, and vice versa.

Proposition 4.1 gives an easy way to generate a frieze of positive integers: it suffices to set 1s
on a zig-zag shape in a frieze and to deduce the rest of the entries by applying the unimodular
rule. For instance, that is how one can get the frieze (1). However, there exist friezes of positive
integers that cannot be obtained this way. This is the case of the following frieze:

1 1 1 1 1 1

Classification of frieze patterns with positive integers is related to triangulations of polygons.
The following theorem is credited to John Conway, cf. [26].

THEOREM 4.3 [23]. Frieze patterns of width m = n — 3 with positive integers are in one-
to-one correspondence with the triangulations of a convex n-gon. If (a1, as, ..., a,) is the cycle
on the first row of the frieze, then a; is the number of triangles adjacent to the ith vertex in
the corresponding triangulated n-gon.

The term quiddity of order n is introduced in [23] to refer to a sequence (a1, as,...,a,) of
positive integers defining the first row of a frieze of width n — 3, or equivalently, defining a
triangulation of an n-gon by its numbers a; of triangles incident to each vertex.

ExXAMPLE 4.4. The frieze (1) has quiddity (4,2, 1,3,2,2,1) and corresponds to the following
triangulated heptagon:

COROLLARY 4.5. For a fixed width m, the number of friezes with positive integers is finite,
given by the (m + 1)th Catalan number

o 1 (2Am+1
Tt m+1 )
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Let us mention that relation between the Catalan numbers and matrices of the form (8) was
found independently in the 1980s; see [80] and references therein.

4.2. Combinatorial interpretations of the entries in a Conway—Coxeter frieze

Coxeter’s friezes with positive integers are often called Conway—Coxeter friezes.

All the entries in a Conway—Coxeter frieze can be combinatorially interpreted using the
corresponding triangulated n-gon. We denote cyclically by wvy,...,v, the vertices of the
triangulated n-gon (with convention v;4, = v;—, = v;). Recall that the entries in the frieze
are denoted by e; ; as in (6), and, by Theorem 4.3, the entry e; ; counts the number of triangles
incident to v;.

We give three elementary ways to compute the value e; ; in the frieze from the corresponding
triangulated n-gon.

(1) Using the ‘length’ of the diagonals, defined as follows.

Assume that the sides of the polygon and the diagonals in the initial triangulation are all
of length 1. The length of all other diagonals can be computed recursively using the Ptolemy
rule:

B

e
A% D —> |AD|-|BC| = |AB|-|CD| + |AC| - |BD|.

C

(In Euclidean geometry, the Ptolemy formula holds true for a quadrilateral inscribed in a
circle.)
In [23], it is shown that

e;; = the length of the diagonal [v;_1 v;11].

Note that the above formula gives e; ; = 1 if and only if [v;_1 vj4+1] is a diagonal in the initial
triangulation.
(2) Using the ‘counting procedure’. This procedure is given in [23].

(a) Choose the vertex v; and assign the tag 0 at this vertex.

(b) All the vertices that are joined to v; in the triangulation are assigned the tag 1.

(¢c) Whenever a triangle has two vertices tagged by a and b, assign the tag a + b to the third
vertex.

(d) When all the vertices are tagged, one has

ei+1,j—1 = the tag at vertex v;. (24)

EXAMPLE 4.6. We apply the above procedure in the situation of Example 4.4 in order to
obtain the values of the diagonal (e2 o) and (e3,o) of the frieze (1).

(i=1) (i=2)

(3) Counting the ‘admissible paths’. This combinatorial interpretation is given in [19].
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An admissible path from vertex v;_1 to vertex v;11 is an ordered sequence (7, Tiy1,...,7;),
of distinct triangles in the triangulation, such that the triangle 7, is incident to vertex v,. One
has:

e;,; = the number of admissible paths from the vertex v;_1 to v;y1. (25)

Note that the value e; ;_1 = 1 in the frieze is understood as the unique path (), of length 0,
between the vertices v;_1 and v;.

ExAMPLE 4.7. In the situation of Example 4.4, let a,3,7,d,¢ be the triangles in the
polygon.

Uy
) vy
)
U 5
Y U

Admissible paths (71, 72) between vertices v; = vy and vz are

(6,0),(e,a),(6,8), (8, ), (7, 8), (7, 0), (B, a),

which gives the value e; 5 = 7 in the frieze (1).

Note that the number of admissible paths between two vertices does not depend on the
orientation one chooses to go from a vertex to the another. Indeed, if (71, 72) is a path from
vertex vy to vs, then the set of triangles {«, 3,7, d, €} \ {71, 72} defines an admissible path from
v3 to vy. Here the admissible paths (74, 75, 76) between vz and v7 are

(a’ rY? 6)7 (6? fY’ 5)7 (a’ ,-Y’ 6)7 (67 7’ 6)7 (a7 67 e)’ (ﬂ? 67 E)’ (FY’ 67 E)'

This property gives e; ; = ej42,—2, which corresponds to the glide symmetry in the frieze.

REMARK 4.8. Other combinatorial models to calculate and interpret the entries of the
frieze were suggested by several authors.

(a) In [72], the entries in a frieze are the numbers of perfect matchings on certain bipartite
graphs associated to the corresponding triangulation.

(b) In [27], the entries of the friezes are interpreted as root coordinates in some Weyl
groupoid.

(c) Considering Coxeter friezes as friezes on a repetition quiver ZQ, with Q of type A,,_3,
the Caldero-Chapoton formula gives the entry e; ; as the Euler characteristic of the total quiver
Grassmannian of the module M; ; of rep Q attached to the vertex (4, j) in the AR quiver:

eij = X(GrM; ;) = x (UeGreMi,j) = ZX(GFeMi,j)~

This provides a geometric interpretation of Proposition 4.1. See [3, 22].

(d) Links between friezes and Farey series were already mentioned in [25]. In [65], Conway—
Coxeter friezes are classified using cycles in the Farey graph. If the triangulated n-gon
corresponding to the frieze is embedded in the Farey graph so that v, = % and v, = %, then
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the sequence of vertices (v;) are rational points in the Farey graph, such that the sequence of
denominators gives the diagonal e; . and the sequence of numerators give the diagonal e ,.
For Example 4.4, one obtains

0

1

1

1
32 1 0

P
~ N

which gives the quotient of the diagonal e; o = (0,1,2,1,1,1,1) by e =(1,4,7,3,2,1,0)
of (1).

(e) The link between friezes, triangulations of polygons and the Farey graph is illustrated
by the applet of [78].

4.3. Multiplicative friezes of type Q with integer values

Recall that in §2, Coxeter’s friezes were generalized to multiplicative friezes associated to an
acyclic quiver Q. Entries in the generic multiplicative frieze fi,, over ZQ are cluster variables
in the cluster algebra of type Q. The general theory and the combinatorial models developed
for the cluster algebras may be helpful to understand friezes of positive integers.

The result of Proposition 4.1 can be generalized in the case of multiplicative friezes over ZQ.
A section S of ZQ is a full subquiver of ZQ such that ZS ~ ZQ. In other words, a section
contains all the vertices of @ but not necessarily in the same copy. The set of variables of fi,u
lying on a section forms a cluster in the algebra Ag. By Laurent phenomenon, cf. Theorem 2.25,
one obtains the following corollary; see also [3].

COROLLARY 4.9. Let Q be any acyclic quiver and f be a multiplicative frieze over 7Z.Q. If
f takes the constant value 1 over any given section of ZQ, then all the values taken by f are
positive integers.

The converse is not true. A frieze with positive integers does not necessarily have a section
of 1s. A way to construct a frieze of positive integers is to choose an arbitrary cluster in
the corresponding cluster algebra and specify all its variables to 1. Then all the other cluster
variables will evaluate to positive integers. Friezes obtained this way are called unitary friezes
in [62]. However, there exist non-unitary friezes as noticed in [10, Appendix] and in [62]. The
number of integral friezes is not the number of clusters in the corresponding cluster algebra,
except for the type A, where it is given by a Catalan number, cf. Corollary 4.5.

THEOREM 4.10 [40]. The number of friezes with positive integers in type D), is

mz’::l dm) <2nn—_mm— 1) 7

where d(m) is the number of divisors of m.

The above result is obtained using the combinatorial model of triangulations of punctured
polygons associated with the cluster algebra of type D.



930 SOPHIE MORIER-GENOUD

The exact numbers of friezes with positive integers in type E have not been established.
Several independent computer programs have enumerated such friezes. The results are:

(i) 868 friezes found in type Eg (see[40, 64, 72]) and Cuntz (private communication);
(ii) 4400 friezes found in type E7 (under a hypothetical upper bound on the entries) [40];
(iii) 26953 friezes found in type Eg (see Cuntz, private communication); under a hypothetical
upper bound on the entries 26 592 friezes have been found in [40].

Using the finite-type classification of cluster algebras, cf. Theorem 2.26, one obtains the
following.

PROPOSITION 4.11 [62]. If Q is an acyclic quiver that is not Dynkin of type A, D, E, then
there exist infinitely many multiplicative friezes on ZQ taking positive integer values.

REMARK 4.12. (a) In [10], the entries in the integral friezes of type D are obtained as
numbers of certain matchings in a triangulated punctured disc.

(b) In [39], the numbers of friezes of Dynkin type taking non-zero integer values are
obtained.

(¢) One has the following interesting property of the entries in a multiplicative frieze f over
Z.Q, proved in [6, 54]. For each i € Qy, the sequence (f(m,1))mez satisfies a linear recurrence
relation if and only if Q is a Dynkin or affine acyclic quiver.

(d) With a more general notion of multiplicative friezes using Cartan matrices [6], one also
obtains finitely many integral friezes in the other Dynkin types B, C and G (see [40]).

4.4. SLgq-friezes with positive integer values

Recall that SLj1-friezes of width w are related to the cluster algebra of type Ap X A,; see
Remark 3.19. The problem of constructing SLj1-friezes with positive integer values is related
to the problem of having positive integer values for the cluster variables in type Ay x A,,. The
two problems are not a priori equivalent as not all cluster variables appear in SLjy1-friezes.
However, as in the case of multiplicative friezes over a repetition quiver, one has an elementary
construction of SLgi-friezes with positive integer values by evaluating to 1 all the cluster
variables in a chosen cluster. When the corresponding cluster algebra is of infinite type this
produces infinitely many friezes.

THEOREM 4.13 [62]. For k,w > 1, there exist infinitely many SLy1-friezes of width w
with positive integer values whenever kw > 9.

For small values of £ and w, one has the following known results.

(i) For k =1: there are finitely many SLo-friezes of width w (this case corresponds to
Coxeter’s friezes); the number of such friezes is given by a Catalan number; see Corollary 4.5.
(ii) For w = 1, there are finitely many SLy.1-friezes of width 1 for every k. This is obtained
by Gale duality (see § 3.6): an SLyj41-frieze of width 1 corresponds to an SLo-frieze of width k.
(ili) For k= 2: there exist exactly 51 SLg-friezes of width 2, conjectured in [72] and
proved in [64]; 868 SLs-friezes of width 3 have been found (see [40, 64, 72] and Cuntz
(private communication)); 26 953 SLg-friezes of width 4 have been found in Cuntz (private
communication).
(iv) For k = 3: by Gale duality one obtains 868 SL4-friezes of width 2.

REMARK 4.14. The quivers Ay x Az and As x Ay, corresponding to SLs-friezes of width
3 and of width 4, respectively, are mutation equivalent to the quivers Eg and Eg, respectively.
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However, the SLs-friezes do not contain all the cluster variables of the corresponding cluster
algebras, unlike the multiplicative friezes over the repetition quivers. Therefore, the number
of SLs-friezes with positive integer values could be greater than the number of multiplicative
friezes of the same cluster type. According to Cuntz (private communication), 868 is the exact
number of SL3-friezes of width 3, and by consequence is also the exact number of multiplicative
friezes of type Eg. The number 26 953 is not established as the exact number of SL3-friezes of
width 4. However, all the known 26 953 SL3-friezes correspond to 26 953 multiplicative friezes
of type Es.

4.5. SLo-tilings and triangulations

Recall that SL,-tilings are generalizations of Coxeter’s friezes by removing the condition of
bordering rows of 1s. They are viewed as bi-infinite matrices (m; ;); jez for which every adjacent
2 X 2 minors are equal to 1.

In [47], a classification result about SLo-tilings with positive integer entries is obtained using
triangulations of strips. The SLo-tilings are assumed to have enough ones in the sense that for
every couple of indices (4o, jo) there exist ¢ < 4o, j > jo such that m; ; = 1, and i’ > 49, j' < Jjo,
such that m; ; = 1.

The strip can be viewed as an open polygon with infinitely many vertices. It consists in two
disjoint sets of ordered vertices (v;);cz U (w;)icz lying on two parallel lines. A triangulation
of the strip is a maximal collection of non-crossing arcs joining either a vertex v; to a vertex
w; or joining two non-consecutive vertices of the same line. A triangulation is called a good
triangulation of the strip if for every couple of indices (ig, jo) there exist an arc joining v; to
w; with ¢ > ip and j > jo and an arc joining v; to w; with ¢" < iy and j" < jo.

THEOREM 4.15 [47]. The set of SLy-tilings of positive integers with enough ones is in
bijection with the set of good triangulations of the strip.

EXAMPLE 4.16. Consider the following piece of triangulation of the strip:
U 12 B U %] U

Py Py o Py ° Py
@ & @ @ @ -

One can associate an SLo-tiling using the same recursive counting procedure as for Conway—
Coxeter’s friezes, cf. §4.2 Item (2). The procedure starts at a vertex v; labelled by 0, and ends
when all the vertices are labelled. The label at the vertex w; gives the value m, ; of the tiling.
For the above piece of strip, one obtains the following piece of matrix (where the first row is
at the bottom and the row indices increase from bottom to top):

32 5 311
4 3 8 5 2 3
11 3 2 1 2
2 3 10 7 4 9
1 2 7 5 3 7
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REMARK 4.17. In [16], the combinatorial model is refined to triangulations of the disc with
accumulation points. It is announced that all SLy-tilings of positive integers are obtained from
triangulations of the disc with four accumulation points.

Note that SLo-tilings containing only positive numbers are never periodic. Indeed, every SLo
matrix (¢ %) of positive numbers satisfies a/c > b/d, so that in an SLy-tiling the ratios of two
consecutive rows form a strictly decreasing sequence.

In [65], one classifies antiperiodic SLo-tilings containing a rectangular domain of positive
integers. When writing the array as an infinite matrix, such tilings have the form

where P is an m X n-matrix with entries that are positive integers.

THEOREM 4.18 [65]. The set of antiperiodic SLa-tilings containing a fundamental rectan-
gular domain of positive integers of size m X n is in a one-to-one correspondence with the set
of triples (q,q', M), where

q=(q0s--+>n-1)s ¢ = (@0 @n1)
are quiddities of order n and m, respectively, and where M = (‘; 2) € SLy(Zo), such that
b , _cC
q < —, ‘0] < -
a a
The explicit construction of the SL,-tiling is given using a pair of triangulated polygons of
quiddities ¢ and ¢’ suitably embedded in the Farey graph according to the matrix M; see [65]
for details.
EXAMPLE 4.19. For the initial data

) , (2 5
¢=(1,2,2,1,3), ¢ =(2,1,2,1), M—(7 18)'

one associates the following two polygons
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The triangulated polygons v and w have quiddities ¢ and ¢, respectively, and they are
normalized so that (vo,v1) = (2, %) and (wo, w1) = (¥, §). One constructs the corresponding

1°0
SLo-tiling (m; ;) by antiperiodicity using the formula
a; bj . .
Mit1,j+1 = a;d; — bjc; where — = wy, 2= Ui 0<i<m—-1,0<j<n—1.
C; g

One obtains here the following tiling:

) 8 11 3 -2 -5 -8 -—-11 -3
18 29 40 1 -7 —-18 —-29 —-40 -11
13 21 29 8§ -5 —-13 -21 -29 -8
8 13 18 5 -3 -8 -—-13 —-18 -5
-2 -5 -8 —-11 -3 2 3 8 11 3
-7 —-18 —-29 —-40 -11 7 18 29 40 11
-5 —-13 -21 -29 -8 5 13 21 29 8
-3 -8 -—-13 -18 -5 3 8 13 18 5

SRS RN B R

4.6. Friezes and dissections of polygons

A natural way to define ‘generalized Conway—Coxeter friezes’ is to use ‘generalized triangula-
tions’. This direction has been investigated in [10, 15, 17] using triangulations of punctured
discs, and d-angulations, or more generally, dissections of polygons.

Let us construct a symmetric matrix M of size n x n, from a frieze pattern of width m =
n — 3. The matrix M is obtained by reflecting a fundamental triangular domain of the frieze
along a row of zeros. For instance, for the frieze (1) one would obtain the matrix

01 4 7 3 21
101 2 111
41 011 2 3
7 2 1 01 35
311101 2
21 2 3101
1 1.3 5 2 10

(this matrix can also be found in the corresponding SLo-tiling by ignoring the signs, cf.
Example 3.2).

THEOREM 4.20 [19]. The determinant of the matrix M is independent of the choice of the
triangular fundamental domain in the frieze. Moreover, one has

det(M) = —(=2)"2

REMARK 4.21. A generalization of Theorem 4.20 for a matrix M whose entries are general
cluster variables of type A can be found in [11].

When considering the associated triangulated m-gon, the choice of a fundamental domain
corresponds to a choice of cyclic labelling of the vertices of the polygon. The entries m; ; of the
matrix M can be computed directly from the triangulation using the formulas (24) or (25).

The idea of [15, 17] is to construct similar matrices M from other types of ‘triangulations’
giving rise to pieces of more general frieze patterns.
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FIGURE 2 (colour online). A 4-angulation (left) and a (3,3, 4,4, 4)-dissection (right) of a
decagon.

A dissection of an n-gon is an arbitrary collection of non-crossing diagonals, or equivalently a
collection of smaller inner polygons 71, . .. 7, with arbitrary numbers of edges (that are either
sides or diagonals of the polygon), say di,...,ds, respectively. We refer to the dissection as a
(di,...,dy)-dissection. In the particular case when all the inner polygons have same number
of edges d; = d, we call the dissection a d-angulation. Note that a d-angulation of an n-gon is
possible if n = d+ (¢ — 1)(d — 2).

In what follows, [17] is the reference for the case of d-angulation and [15] the reference for
the general case of dissection.

The notion of admissible path introduced in §4.2, Item (3), is generalized as follows.

DEFINITION 4.22 [15, 17]. Given a dissection of a polygon (v;) (with convention on the
vertices vi4n = Vi—n = v;), an admissible d-path between vertices v;_1 and vj41 is an ordered
sequence (p;,Pi+1,-.-,Pj), of inner polygons such that the polygon p, is incident to vertex ¢,
and for any d, a d-gon in the dissection does not appear more than d — 2 times in the sequence.

The construction of the matrix M is generalized as follows.

DEFINITION 4.23 [15, 17]. Given a dissection D of an n-gon (v;), define the matrix Mp =
(mij)1<ij<n by mi;i = 0 and

m; ; = the number of admissible d-paths from the vertex v;—q to v;_1,

for all indices 1 < i # j < n.

The matrix Mp = (m; ;j)1<i,j<n can be viewed as a piece of ‘generalized Conway-Coxeter
frieze pattern’. It is shown in [17] that in the case of a d-angulation the adjacent 2 x 2 minors
of Mp are either —1,0 or 1.

Theorem 4.20 is generalized as follows.

THEOREM 4.24 [15, 17]. Let D be a (dy, ..., d)-dissection of an n-gon. The matrix Mp
is symmetric. The determinant does not depend on the choice of the labelling of the vertices
of the polygon and

¢

det(Mp) = (-1)" ' ] (d: — 1).

i=1
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ExXAMPLE 4.25. For the dissections of Figure 2, one obtains the following matrices,
respectively,

012 2122111 012212 2111
101112 21 2 2 1011133 2 3 3
21 0113 3 2 4 4 21 0114 4 3 4 4
2110133 2 4 4 211014 43 55
111101112 2 111101112 2
223 310113 3|’ 23 44101133
2233110133 2344110133
1122 111011 123 3 111011
1 24 4 2 3 3 101 1355 2 3 3101
1 24 4 2 3 3110 1355 233110

REMARK 4.26. The generalized frieze patterns coming from dissections of polygons can
be obtained by a categorical approach using an analogue of the Caldero—Chapoton formula
[48, 49].

5. Friezes in the literature and open questions

The notion of friezes on a repetition quiver and the one of SLj-tilings are ‘direct’ generalizations
and include Coxeter’s frieze patterns. Many other generalizations or variants of Coxeter’s frieze
patterns have been studied recently.

The variations around Coxeter’s definition can be made at different levels; one may
change the rule or the arithmetic used for the recurrence rule on the diamond, a lc’ d
and/or change the ‘shape of the diamond’ or one may define an array from a combinatorial
model. . ..

We list below some references where different types of friezes appear:

(i) friezes from matrix multiplication (see [18, 81]);
(ii) additive friezes: a+d=b+cora+d=>b+c+ 1 (see [26, 58, 60, 81]);
(iii) tropical friezes: a + d = max(b+ ¢,0) (see [4, 45, 46, 71, 72]); or a + d = max(b,0) +
max(c, 0) (see [76]);
) quantum friezes: ad — qzbe = 1 (see [21]);
) NIM friezes: aEBd =bH c+ 1 (see [58, 81]);
) cross-ratio friezes: (b —a)(c—d)/(a — ¢)(d —b) = —1 (see [84]);
) continuous friezes F(z,y): F(0?/0z0y)F — (0/0x)F(0/0y)F =1 (see [70]);
(viii) 2-friezes: ‘iz ad—bc=e (see [62, 64, T2]);
) super—friezeg or Osp(1]2)-tilings (see [66]);
) SLj-friezes or SL-tilings (see [6, 14, 24, 28, 6365, 74]);
) three-dimensional friezes: T-systems (see [30, 31, 51]);
) multiplicative friezes on repetition quivers or from Cartan matrices (see [3, 5, 6, 10,
22, 33, 39, 40, 74]);
(xiii) friezes and combinatorial models (see [10, 12, 15, 17, 19, 27, 39, 40, 47, 71, 82]);
(xiv) - -

Open questions
The study of friezes and of variants of friezes may be undertaken in many different directions.
We suggest below some open questions and open direction of investigation.

The first five questions are related to friezes with positive integer values; see §§4.3 and 4.4.
The last three questions concern relations between friezes and other fields of mathematics.
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Q 1. How many multiplicative friezes with positive integer values are there in type E7, Eg?
Q 2. How many SLs-friezes of width 4 with positive integer values are there?
Q 3. How many non-unitary friezes are there for a given type? See [62].

Q 4. Do there exist SLy-friezes with positive integer values for which the cluster variables
the associated cluster algebra that do not appear in the frieze are non-integer rational

numbers?

Q 5. Find combinatorial models, as generalized triangulations, to enumerate SLjy-friezes

with positive integer entries.

[1;

Q 6. Are the friezes using NIM addition always periodic? See [58, 81].
Q 7. Find an analogue of the triality Theorem 3.14 in the supersymmetric case. See [66].

Q 8. Superperiodic equations are related to Sturm—Liouville’s discrete oscillation theory
69, §4.5]. Interpret the main results of this theory in terms of friezes, in particular, Sturm’s

separation and comparison theorems.
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